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In this talk I will recall how the spectral properties Witten Laplacian acting on functions
AS)) = —A+|VV|?—AV, in the euclidean setting with a polynomial potential V, is related with
results on maximal hypoellipticity of polynomials of vector fields on a nilpotent Lie algebra. As
we explained with B. Helffer in [1], it is actually a microlocal version of maximal hypoellipticity
related with the (micro-)hypoellipticity of systems. A nice sufficient condition derived from
Helffer-Nourrigat theory (it is actually a criterion for the microlocal maximal hypoellipticity)

says that for a polynomial V', the Witten Laplacian Ag)) has a compact resolvent when none of
the limiting polynomials P(q) = limy—oc V(Ang — qn) — V(¢n) of degree less than deg V have
a local minimum. This works for the potential V(g1,q2) = —q?q5 while it can be checked that
0 belongs to the essential spectrum of A%ﬁ)) when V(q1,q2) = +¢jq5. The fact that the result
depends on the sign +¢?¢3 actually shows the microlocal nature of the problem. Additionally
the above criterion provides an algorithm for checking the microlocal maximal hypoellipticity

for more general polynomials. Beside this we explored in [1] the question of the compactness of

the resolvent for the Kramers-Fokker-Planck operator Ky = p.0, — 0,V.0, + M and we
conjectured that
(1 + Kyv)~! compact) < ((1+ A&ﬁ)))_l compact) .

I will explain what have been the advances made by W.X. Li in [2] and M. Ben Said [3][4] on
this question, works which solve the problem for V(qi,q2) = £¢3¢5 but not for higher degree
polynomials. While doing this I will recall the accurate results obtained with J. Viola and
M. Ben Said when deg V < 2, which contradict in some sense a naive maximal hypoellipticity
result.

Although it appears natural from a modelling perspective, the above conjecture has, so far,
neither been proven nor disproven by any counterexample. A fresh perspective on this question
is therefore awaited.
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